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Abstract

Output jitter| the variation in the inter-completion times of successive jobs of the same
task | is studied in the context of the preemptive uniprocessor scheduling of periodic real-time
tasks. A formal quantitative model for output jitter is proposed. A list of properties that
are desirable in any jitter-minimization schedule is enumerated. Algorithms are presented for
generating such schedules, and bounds proved for the maximum jitter in schedules generated by
these algorithms.
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1 Introduction

In many real-time control applications, periodic activities represent the major computational de-
mand on the system. Such periodic activities typically arise from sensory data acquisition, low-level
servoing, control loops, action planning, and system monitoring, which need to be cyclically exe-
cuted at speci�c rates (derived from the application requirements). These periodic activities are
often formally modelled as periodic tasks : each periodic task T = (e; p) is characterized by two
parameters { an execution requirement e and a period p { with the interpretation that T generates
an in�nite sequence of jobs arriving at time-instants 0; p; 2p; 3p; : : :, respectively, with the job ar-
riving at time-instant k � p needing to execute for e time units over the interval [k � p; (k + 1) � p)
(i.e., we assume that each job has a deadline p time units after its arrival time). In this paper, we
restrict our attention to the uniprocessor, preemptive, scheduling of systems of such tasks | by
uniprocessor , we mean that all the jobs generated by all the tasks in the system are to execute on a
single shared processor; by preemptive, we mean that a job executing on the shared processor may
be interrupted at any instant in time, and its execution resumed later, with no cost or penalty.

A schedule for a system of periodic tasks speci�es which task executes on the shared processor
at each instant in time. Let � = fT1; T2; : : : ; Tng denote a system of n periodic tasks; Ti = (ei; pi)

for 1 � i � n. With respect to a particular schedule S for �, the completion time c
(k)
i of the k'th

job of Ti is the earliest time-instant � k � pi such that Ti has executed for ei time units in S over

the interval [k � pi; c
(k)
i ). Schedule S is a correct schedule for � if and only if for all Ti 2 � and for

all integer k � 0, c
(k)
i � (k + 1) � pi; i.e., the completion time of the k'th job of Ti is no larger than

the associated deadline.
�Department of Computer Science, The University of North Carolina, Chapel Hill, NC 27599{3175, USA. Email:

baruah@cs.unc.edu
yScuola Superiore S. Anna, Via Carducci, 40, 56100 Pisa, Italy. Email: fgiorgio, liparig@sssup.it
zDepartment of Computer Science, The University of Texas, Austin, TX 78712, USA. Email:

gorinsky@cs.utexas.edu

1

Sanjoy Baruah
Sanjoy Baruah, Giorgio Buttazzo, Sergey Gorinsky, and Giuseppe Lipari. Scheduling periodic task systems to minimize output  jitter. Proceedings of the International Conference on Real-Time Computing Systems and Applications, pp 62-69, Hong Kong. December 1999. IEEE Computer Society Press. 



The primary goal of a scheduling algorithm is to generate correct schedules whenever possible.
That is, a scheduling algorithm for scheduling systems of periodic tasks should accept as input a
system � of periodic tasks, and attempt to generate as output a correct schedule S for �. (In this
respect, the Earliest Deadline First scheduling algorithm (EDF) [5, 9] is known to be optimal , in the
sense that if there exists a correct schedule for a system � of periodic tasks, then it is guaranteed
that EDF will generate a correct schedule for �.) Assuming that this primary goal of meeting all
deadlines can be met, we may in general desire that our scheduling algorithms be able to optimize
certain secondary objectives. One such secondary objective is the focus of this paper: minimizing
output jitter .

Output jitter refers to the variation between the inter-completion times of successive jobs of
the same task. More formally, with respect to a particular (correct) schedule for � let

p
(min)
i

def
= min

k�0

n
c
(k+1)
i � c

(k)
i

o
p
(max)
i

def
= max

k�0

n
c
(k+1)
i � c

(k)
i

o
;

i.e., p
(min)
i and p

(max)
i denote the minimum and maximum separation between successive completions

of Ti, 1 � i � n. An output jitter-free (henceforth, simply \jitter-free") schedule is one in which

p
(min)
i = p

(max)
i (in which case it follows that p

(min)
i = p

(max)
i = pi). Schedules that have as their

secondary objective the minimization of output jitter attempt to minimize the variation of p
(min)
i

and p
(max)
i from pi.

In a sense, scheduling to minimize output jitter in periodic task systems is a non-issue. As-
suming that the system under study is feasible (i.e., there exist correct schedules for the system),
a schedule can be rendered virtually jitter-free by postponing execution of the last � units of each
job's execution requirement until its deadline, for some very small � ! 0 (equivalently, by post-
poning noti�cation of the completion of a job until its deadline | if it completes execution prior
to its deadline, it is simply bu�ered for the time remaining until its deadline is reached). Indeed,
this is the approach adopted in [6] to handle the jitter problem in packet-switched networks |
each packet is held back in a special bu�er by each internal node of the network for the maximum
possible delay in that node.

From a real-time systems point of view, however, such a solution is far from ideal. As stated
above, EDF is an optimal scheduling algorithm for scheduling systems of periodic real-time tasks.
In addition to this desirable property of optimality, EDF possesses many other features that render
it particularly suitable for scheduling uniprocessor real-time systems. These include: low scheduling
overhead; a reasonable bound on the number of preemptions (no more than twice the number of
jobs); satisfying the integral boundary constraint (IBC) | if all the execution requirements and
periods are integers, then all processor preemptions must take place at integer boundaries only;
etc. We would like any jitter-minimization algorithm to possess these properties as well | below,
we attempt to identify some of the properties that we would like any jitter-minimization algorithm
to satisfy (in addition to the primary goal of meeting all deadlines):

1. The scheme is not allowed to bu�er a job that is ready to execute. That is, if a job is ready
to be released at time t, we are NOT allowed to delay its release to some time after t.

2. Perhaps equivalently, we will not allow for inserted idle time in the schedule | if there is
some job ready to execute in the system, we are NOT allowed to idle the processor.

3. The scheme is not allowed to bu�er a job that has completed. That is, if a job has completed
execution at time t, we are NOT allowed to hold back from notifying the external world of
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this fact.

4. The schedule generated should satisfy the integral boundary constraint (IBC).

5. The scheme should not require too many preemptions. We would like to see no increase
in the number of preemptions over current scheduling schemes, in the worst-case. That is,
the bound on the number of preemptions proved for the Earliest Deadline First scheduling
algorithm (EDF) [9] | the total number of preemptions is no more than twice the number
of jobs | should continue to hold.

6. The on-line scheduling overhead should continue to be as small as in the case of EDF.

Informally speaking, what we would like to do is continue to use EDF as our scheduling algorithm,
but to perhaps change the \control" information that we use in doing this scheduling. To this end,
we describe in this paper a transformation on a system of periodic tasks such that the schedule
generated by EDF on the transformed system has better jitter performance than the schedule
generated by EDF on the original system, while continuing to be a correct schedule for the original
system.

Related work. Considerable research has previously been performed on the topic of jitter in a
dynamic-scheduling context. For example, Lin and Herkert [8] have studied a distance constrained

task model in which the di�erence between any two consecutive �nishing times of the same task
is required to be bounded by a speci�ed value. This approach attempts to minimize the outgoing
jitter caused by the scheduler. Stankovic and Di Natale [11] have studied jitter-minimization in the
context of providing end-to-end timing guarantees in distributed real-time systems. Researchers
in network communications have also devoted considerable attention to the phenomenon of jitter.
They have considered the problem of providing deterministic timing guarantees in circuit-switched
networks where the transmission of a video stream takes a route consisting of several hops, each
of which may add to the jitter. Jitter-control schemes to minimize the end-to-end jitter in such
networks have been proposed, for example by Ferrari [7] and Verma, Zhang, and Ferrari [6]. The
research presented in [1, 3, 4, 12] addresses the problem of accomodating input jitter | i.e., schedul-
ing systems of periodic tasks in which the ready-times of jobs cannot be predicted exactly a priori,
but are subject to timing uncertainties at runtime.

Organization. The remainder of this paper is organized as follows. In Section 2, we formally
state our model of periodic tasks, and provide a quantitative de�nition of output jitter. In Section 3,
we describe a polynomial-time algorithm for transforming a periodic task system, such that the
transformed task system can be scheduled by EDF to generate a schedule that exhibits signi�cantly
less jitter than would be exhibited by EDF-scheduling the original task system. In Section 4, we
describe a pseudopolynomial-time algorithm for transforming a periodic task system into another
that can be scheduled by EDF with less jitter | although this algorithm is computationally more
expensive than the one in Section 3, it can in general guarantee better jitter behaviour. We
have implemented both our jitter-control algorithms, and have performed experiments testing their
e�ectiveness | we describe these results in Section 5. In Section 6, we illustrate our techniques by
tracing their behaviour on some simple periodic task systems.

2 System model

As stated in the introduction, we are concerned here with the problem of minimizing output jitter
in EDF-generated schedules of systems of periodic tasks. We will assume that each periodic task Ti
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is characterized by a jitter tolerance factor �i, with the interpretation that tasks with large �i are
more tolerant to jitter, in addition to the execution requirement ei and the period pi. Let � denote
a periodic task system consisting of n tasks T1; T2; : : : ; Tn. Let �i

def
= ei=pi, and �

def
=
Pn

i=1 �i. It has
been proved [9] that a necessary an su�cient condition for EDF to generate a correct schedule for
� is that � be at most one.

With respect to a particular schedule for �, let p
(min)
i and p

(max)
i denote the minimum and

maximum separation between successive completions of Ti, 1 � i � n. The quantity

AbsJitter(Ti)
def
= max

�
p
(max)
i � pi; pi � p

(min)
i

�

is de�ned to be the (absolute) jitter of task Ti; observe that this can also be computed as

maxk�0 j(c
(k+1)
i � c

(k)
i )� pij; i.e., AbsJitter(Ti) measures the maximum variation of the intercomple-

tion time from the task period. In the remainder of this paper, we will make use of the following
inequality:

AbsJitter(Ti) � max
k�0
fc

(k)
i � k � pig � min

k�0
fc

(k)
i � k � pig (1)

i.e., the di�erence between the largest response time1 and the smallest response time of a job of Ti
is an upper bound on the variation of intercompltion times of jobs of Ti. (In general, this bound
need not be tight: consider, for example, a task Ti with period 5 and executio requirement 1, and

a schedule in which c
(0)
i = 1, c

(1)
i = 7, c

(2)
i = 13, c

(3)
i = 19, and c

(k)
i = 5k + 5 for all k � 4. While

AbsJitter(Ti) for this schedule is 1, the bound maxk�0fc
(k)
i � k � pig � mink�0fc

(k)
i � k � pig equals

5� 1 = 4.)

The (absolute) jitter of task system � is de�ned to be largest absolute jitter of any task in �:

AbsJitter(�)
def
= max

Ti2�
fAbsJitter(Ti)g

The weighted jitter of Ti is de�ned to be

WtdJitter(Ti)
def
=

AbsJitter(Ti)

�i
:

The weighted jitter of � is de�ned to be

WtdJitter(�)
def
= max

Ti2�
f
AbsJitter(Ti)

�i
g : (2)

The goal of this research is to devise scheduling algorithms that accept as input periodic task sys-
tems �, and generate schedules for � that meet all deadlines and attempt to minimize WtdJitter(�).

The general model described above can represent several interesting forms of jitter which may
be of relevance to the application system designer. For instance, if �i = 1 for all i, then WtdJitter

is the same as AbsJitter. Setting �i = pi for all i in Equation 2, we obtain the notion of relative
jitter | the jitter of a task is measured as a fraction of its period (as an example, a schedule with a
relative jitter of 30 % guarantees that the intercompletion times between successive jobs of Ti is at
least 0:7pi, and at most 1:3pi, for all i). Similarly, we can model systems in which only a subset of
the tasks are jitter-sensitive by setting the jitter-tolerance factor for the other (non jitter-sensitive)
tasks to in�nity.

1The response time of the k'th job of Ti is de�ned to be the di�erence between the completion time of the job |

c
(k)
i

| and its release time | k � pi.
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3 Jitter control in polynomial time

3.1 Computing jitter bounds

Since a job of Ti completes no sooner than ei time units after its ready time and no later than its
deadline in any correct schedule for �, it is easily seen that ei and 2pi � ei are \quick-and-dirty"
bounds on the maximum and minimum intercompletion times respectively of Ti; i.e., the jitter for
task Ti is clearly � (pi � ei); equivalently,

WtdJitter(�) � max
Ti2�
f
pi � ei
�i
g = max

Ti2�
f
ei
�i
(
1

�i
� 1)g (3)

With a little more e�ort, we can compute tighter bounds for the case when � { the system utilization
{ is less than 1:

Theorem 1 In an EDF-generated schedule for �, the separation between the completion times of
successive jobs of task Ti lies in the interval

[pi � ei � (�=�i � 1); pi+ ei � (�=�i � 1)] ;

i.e., AbsJitter(Ti) � ei � (
�
�i
� 1); equivalently, WtdJitter(Ti) �

ei
�i
( �
�i
� 1).

Proof: Consider a scenario where the k'th job of Ti arrives at time to and completes at the
earliest possible time, the (k + 1)'th job completes at the latest possible time, and the (k + 2)'th
job completes, once again, at the earliest possible time.

� The completion time of the k'th job is at least to + ei.

� Let the completion time of the (k+1)'th job be t1, and let [to+2pi� `; t1] denote the longest
contiguous interval preceding t1 during which the processor only executes jobs with deadlines
at or before to + 2pi. Since all such jobs have arrival-times � to + 2pi � `, and deadlines
� to + 2pi, and they all complete by t1, it follows that t1 � (to + 2pi � `) is at most � � `.
Hence, t1 � to + 2pi � `(1� �); since ` is at least pi, this implies that

t1 � to + 2pi � pi(1� �) :

� The completion time of the (k + 2)'th job is, once again, at least to + 2pi + ei.

The maximum intercompletion time, as de�ned by the di�erence between the completion times of
the (k + 1)'th and k'th jobs, is thus at most

to + 2pi � pi(1� �)� (to + ei)

= 2pi � pi(1� �) � ei

= pi(1 + �)� ei

= pi + pi�� ei

= pi + ei(
pi
ei
� � 1)

= pi + ei(
�

�i
� 1)

Similarly, the minimum intercompletion time, as de�ned by the di�erence between the completion
times of the (k+ 2)th and the (k + 1)'th jobs, is at least

to + 2pi + ei � (to + 2pi � pi(1� �))
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= ei + pi(1� �)

= pi � (pi� � ei)

= pi � ei(
pi
ei
�� 1)

= pi � ei(
�

�i
� 1)

Thus, given a system � of periodic tasks, we can determine an upper bound on its WtdJitter by
the following relationship:

WtdJitter(�) � max
Ti2�

�
ei
�i
(
�

�i
� 1)

�
(4)

Is this bound tight? Unfortunately, no. Tighter bounds can be obtained by actually simulating
EDF on the given task-set, or by making use of the actual parameters | the execution requirements
and periods | of all the tasks in the system. However, such approaches take exponential (or at
least pseudo-polynomial) time as opposed to the computation suggested by the above relationship,
which takes time linear in the number of tasks.

3.2 Jitter-minimization in polynomial time

In attempting to decrease AbsJitter(�), we can transform task system � by increasing the processor-
share reserved for the use of each task Ti to �i � �i (while ensuring that

Pn
i=1 �i � 1 holds). Having

done so, we can now \assign" a new deadline to the job of Ti, released at k � pi, to be k � pi+(ei=�i)
| since �i � �i, this assigned deadline will be no larger than the job's actual deadline at (k+1) �pi.
These assigned deadlines are the ones that will be used by EDF is scheduling �, and it is guaranteed
that each job will complete by its new assigned deadline: this follows from the fact [5] that EDF is
an optimal uniprocessor scheduling algorithm in the sense that if there is a correct schedule for a
set of jobs, then EDF will generate a correct schedule for this set of jobs. The existence of a correct
schedule for the transformed system follows from the observation that the task Ti can be assigned
a fraction �i of the processor during each time-slot | over the interval [kpi; kpi+

ei
�i
), therefore, Ti

is assigned the processor for a total of ei
�i
� �i = ei slots. Indeed, if the input parameters | the ei's

and the pi's | are integers, it is easily seen that the \assigned" deadline of the k'th job of Ti can
in fact be set equal to bk � pi + (ei=�i)c.

With this new assigned deadline, it can be shown (using techniques virtually identical to the ones
used in the proof of Theorem 1) that the minimum and maximum separation between successive
jobs is now bounded by

pi � ei � (�=�i � 1) ; (5)

where �
def
=
Pn

i=1 �i. We therefore conclude the following:

Theorem 2 Let � be a periodic task system with processor-shares (�1; �2; : : : ; �n). The maximum
output jitter of � is bounded as follows:

WtdJitter(�) � max
Ti2�
f
ei
�i
� (

�

�i
� 1)g (6)

In order to minimize the weighted jitter experienced by �, we will attempt to choose the
processor-shares (�1; �2; : : : ; �n) such that maxTi2�f(ei=�i) � (�=�i � 1)g is minimized. Of course,
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any such choice will have to preserve � � 1 (the total processor-shares allocated does not exceed
unity) and �i � �i for each i (the processor-share allocated is at least as much as the amount the
task needs). In addition, the resulting schedule should satisfy the list of desirable properties for
jitter-control schemes enumerated in the Introduction.

The above formulation represents the problem as an optimization problem. We will now prove
some properties about optimal solutions. But �rst, a de�nition:

De�nition 1 Processor shares (�1; �2; : : : ; �n) are de�ned to be optimal processor shares for

task system � = fT1; T2; : : : ; Tng if and only if the following conditions hold:

P1: For each i, 1 � i � n, �i � �i.

P2: � � 1, where �
def
=
Pn

i=1 �i.

P3: For any processor shares (�01; �
0
2; : : : ; �

0
n) such that

1. for each i, 1 � i � n, �0i � �i, and

2. �0 � 1, where �0
def
=
Pn

i=1 �
0
i,

it is the case that

max
Ti2�
f(ei=�i) � (�=�i � 1)g � max

Ti2�

�
(ei=�i) � (�

0=�0i � 1)
	

Lemma 1 If (�1; �2; : : : ; �n) are optimal processor shares for �, then so are (�1=�; �2=�; : : : ; �n=�),

where �
def
=
Pn

j=1 �j . (Observe that
Pn

j=1(�j=�) equals one.)

Proof: Let �̂i
def
= (�i=�), and let �̂

def
=
Pn

i=1 �̂i. We will prove below that (�̂1; �̂2; : : : ; �̂n) satis�es
the properties enumerated above for optimal processor shares.

P1: Since � � 1, it follows that �̂i = (�i=�) � �i. Therefore, �̂i � �i.

P2: �̂ = (
Pn

i=1 �̂i) = (
Pn

i=1(�i=�)) = ((
Pn

i=1 �i)�) = (�=�) = 1.

P3: Since �̂ = 1, it follows that (�̂=�̂i) = (1=�̂i) = (1=(�i=�)) = �=�i. Therefore,

ei
�i
(
�̂

�̂i
� 1) =

ei
�i
(
�

�i
� 1)

for all i, from which it follows that

max
Ti2�

(
ei
�i
(
�̂

�̂i
� 1)

)
= max

Ti2�

�
ei
�i
(
�

�i
� 1)

�

Recall that our goal was to determine optimal processor shares, and hence to be able to generate
EDF schedules which minimize output jitter. Lemma 1 above suggests that we can narrow our
search to only those processor shares that sum to one; i.e., we need only look for (�1; �2; : : : ; �n) for
which

Pn
i=1 �i = 1.

But suppose an additional goal was to determine optimal processor shares in which the cumu-
lative processor shares assigned to all the tasks | i.e., the quantity � | were as small as possiblle.
Lemma 2 below suggests how we can obtain such optimal processor shares from one in which � = 1.
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Lemma 2 Let (�1; �2; : : : ; �n) be optimal processor shares, with
Pn

i=1 �i = 1. Let �
def
= maxni=1(�i=�i).

Then (� � �1; � � �2; : : : ; � � �n) are optimal processor shares.

Proof: Let �̂i
def
= (�i � �), and let �̂

def
=
Pn

i=1 �̂i. We will prove below that (�̂1; �̂2; : : : ; �̂n) satis�es
the properties enumerated above for optimal processor shares.

P1: Since � � �i
�i
, it follows that �̂i = (�i � �) � �i �

�i
�i
. Therefore, �̂i � �i.

P2: Observe �rst that � � 1. Now, �̂ = (
Pn

i=1 �̂i) = (
Pn

i=1(�i � �)) = (� � (
Pn

i=1 �i)) = �.
Therefore �̂ � 1.

P3: (�̂=�̂i) = (�=(�i � �)) = (1=�i) = �=�i. Therefore,

ei
�i
(
�̂

�̂i
� 1) =

ei
�i
(
�

�i
� 1)

for all i, from which it follows that

max
Ti2�

(
ei
�i
(
�̂

�̂i
� 1)

)
= max

Ti2�

�
ei
�i
(
�

�i
� 1)

�

Lemma 1 suggests that we can look for an optimal solution with the processor-shares assigned
the various tasks summing to one. Should we be looking for an optimal solution that uses the
minimum possible processor-shares, Lemma 2 tells us how we can get to such a solution from a
solution in which the processor-shares assigned equals one.

We now describe how we can use the above results to determine processor-shares for a given task
system �, such that these processor shares yield the best jitter bounds obtainable using our method.
Suppose that WtdJitter(�) � J when the processor-shares are (�1; �2; : : : ; �n). By Equation 6, we
have for all i, 1 � i � n,�

ei
�i
(
1

�i
� 1) � J

�
�

�
1

�i
�

J�i
ei

+ 1

�
�

�
�i �

ei
ei + J�i

�
:

Since we also require �i � �i, we have

�i � max

�
�i;

ei
ei + J�i

�
: (7)

Hence, to determine whether a given J can be a value for WtdJitter(�), we can compute each
�i according to Equation 7 above, and ensure that

Pn
i=1 �i does not exceed one. If the �i's sum to

at most one, then this value of WtdJitter is achievable; if not, then a jitter bound of J cannot be
achieved using this particular method.

We can use a binary search to determine the tightest jitter bound obtainable by this method.
Let Jinit denote the initial jitter bound yielded by Inequality 4 for the system:

1. Jhigh  Jinit
2. Jlow  0
3. repeat
4. Jmid  (Jhigh + Jlow)=2
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5. Compute the shares �i, 1 � i � n, according to Equation 7.
6. if (

Pn
i=1 �i � 1) Jhigh  Jmid

7. else Jlow  Jmid

8. until (Jhigh � Jlow � thres)
(where thres is de�ned to be the degree of accuracy desired.)

4 Jitter control in pseudopolynomial time

A further generalization to the periodic task model has each task T = (e; d; p) characterized by a
relative deadline d � p in addition to the period p and the execution requirement e. The issue
of feasibility determination for a system of such tasks has been studied [2]; for bounded-utilization

task systems (systems where the ratios e=p of the execution-requirement to period of all the tasks
sum to no more than a constant strictly less than one), this can be e�ciently done in time pseudo-
polynomial in the size of the problem instance.

Consider periodic task system � = fTi = (ei; pi)g
n
i=1. If we assign a relative deadline di =

ei + J�i to each task Ti, and the resulting task system �0 = fT 0
i = (ei; ei + J�i; pi)gni=1 is feasible,

then the maximum separation between successive completions of T 0
i is at most pi + J�i while the

minimum separation is at least pi�J�i, for each i; 1 � i � n. Hence to obtain a run-time schedule
of � with a maximum weighted jitter of J , it su�ces to

Step 1: determine whether �0 is feasible,

Step 2: if so, then schedule �0 rather than � at run-time.

Using the method of [2], Step 1 can be done in time

O(logn �
�

1� �
�

n
max
i=1
fpi � dig) : (8)

This bound is pseudo-polynomial in the size of the problem instance. However, we expect to apply
jitter-minimization primarily to systems with a relatively small value of � (intuitively speaking, this
is because systems with a large value of � are quite constrained and we have less freedom to modify
parameters to obtain better jitter behavior); consequently, we would expect the time bound of (8)
to be quite reasonable in practice. For example, a � of 0:9 would permit a processor utilization of
90 %, yet allow feasibility-analysis to be completed in time proportional to nine times the largest
period, multiplied by the binary logarithm of the number of tasks.

In general, the jitter-minimization procedure of this section yields a tighter bound than the
procedure in Section 3.2, in the sense that the smallest jitter bound which this method can guarantee
is smaller than the smallest bound obtainable using the processor-share method of Section 3.2.
The downside is that, due to the pseudo-polynomiality of (8), the time-complexity is no longer
polynomial. A reasonable approach in practice is to �rst execute the method of Section 3.2, and
use the bound Ĵ thus obtained as an upper bound for performing binary search between 0 and Ĵ

to determine the smallest J which passes the pseudo-polynomial feasibility test of this section.

A note on implementation. The feasibility test from [2] essentially consists of simulating the
behavior of EDF on the periodic task system starting at time zero, and terminating when either
(i) a deadline is missed, at which point the system is known to be infeasible, or (ii) the processor
is idled, which would imply that the system is feasible. (See [2] for a proof of correctness.) The
bound of (8) follows from the fact (proved in [2]) that one of these two events | a missed deadline
or an idle slot | must occur within the �rst �

1��
�maxni=1fpi � dig time units.
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Implementing this jitter-minimization procedure therefore reduces to implementing EDF for
periodic task systems, for which very e�cient techniques are known [10].

A note on initial o�sets. The feasibility of a periodic task system in which each task is char-
acterized by an execution requirement and a period (no relative deadlines) is una�ected by the
presence of initial o�sets { i.e., if each task Ti is characterized by an additional o�set parameter ai
with the interpretation that the k'th job of Ti arrives at time ai + k � pi, and must receive service
by ai + (k + 1) � pi, for all integer k � 0. The jitter-minimization procedure of Section 3.2 enjoys
the same property | jitter analysis is una�ected by whether tasks have initial o�sets or not.

With respect to the jitter minimization procedure of this section, a slightly weaker statement
can be made. If the method outlined above guarantees a jitter bound of J , then this jitter bound
is obtainable even in the presence of o�sets. However, a system with o�sets can sometimes be
scheduled with far smaller jitter than can be shown using this method. Attempting to incorporate
o�sets into the methodology of this section involves feasibility-analysis of periodic task systems in
which each task is characterized by an o�set, an execution requirement, a relative deadline, and
a period; unfortunately, this feasibility-analysis problem has been shown [2] to be co-NP-complete
in the strong sense, indicating that we are unlikely to be able to perform it in pseudopolynomial
time. We have therefore not attempted to take advantage of initial o�sets to reduce jitter even
when these o�sets are present.

In related ongoing research, we are however attempting to minimize jitter in task-systems of
the model in [9] (where each task is characterized by execution requirements and periods only), by
introducing o�sets to aid in jitter-control when application system semantics would permit us to do
so. The basic idea is to use the methodology proposed in this paper to obtain an initial jitter bound,
and then to use heuristics to search for phasings which may further reduce the jitter. Although
such an approach would likely prove intractable in the worst case and may sometimes result in
no improvement in jitter-behaviour, we expect that substantial improvement may be obtained on
average.

5 Experimental evaluation

Given a system � of periodic tasks that are to be scheduled using EDF, Equation 3 represents a
naive bound on the jitter experienced by the system | WtdJitter(�) � maxTi2�f

ei
�i
( 1
�i
� 1)g. In

Theorem 1 (Equation 4), we derived a somewhat tighter bound for systems where the utilization
� is strictly less than one | WtdJitter(�) � maxTi2�f

ei
�i
( �
�i
� 1)g. Then in Sections 3 and 4, we

presented algorithms for generating EDF-schedules that exhibit lower jitter than implied by these
bounds | the technique in Section 3 takes time polynomial in the representation of �, while the
one in Section 4 takes pseudopolynomial time but may in general result in schedules with better
jitter behaviour.

We have conducted a series of experiments to evaluate the e�ectiveness of our jitter-minimization
schemes. We have implemented both our jitter-minimization schemes and have used them to
minimize the relative jitter2 of randomly-generated systems of periodic tasks | some of the results
are tabulated in Figures 1{5. In each �gure, the system jitter WtdJitter(�) is plotted as a function
of the total system utilization (also known as system load). For each value of the system load, we
generated 900 task sets. Each task set was generated by randomly choosing the tasks' computation

2Recall that the relative jitter of a periodic task measures its jitter as a fraction of its period, and is obtained by

setting �i = pi.

10



times as integers between 1 and 10, and then randomly choosing the periods such that the total
system load be approximately equal to the desired load.

For each set we calculated the bound obtained by Equation 4 (the line labelled \Bound" in the
�gures); then we applied both the polynomial-time transformation of Section 3 (labelled \Method
1" in the �gures) and the pseudopolynomial-time transformation of Section 4 (labelled \Method 2"
in the �gures). Only average values are depicted in the �gures. (For each point we also calculated
the 90% con�dence interval | these are not shown in the �gures, but were small enough to con�rm
the validity of our results.) The �ve �gures Figures 1{5 represent the results of �ve di�erent sets
of experiments:
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Figure 1: Five tasks { minimize jitter of the entire task set

Figure 1: � consists of �ve tasks, and the goal is to minimize the relative jitter over the complete
task set. This is obtained by setting �i = pi for all i.

Figure 2: � consists of ten tasks, and the goal is to minimize the relative jitter over the complete
task set. This is obtained by setting �i = pi for all i.

Figure 3: � consists of ten tasks, and the goal is to minimize the relative jitter of just one of the
tasks. This is obtained by setting �1 = p1, and �i =1 for all i > 1.

Figure 4: � consists of ten tasks, and the goal is to minimize the relative jitters of three of the
tasks. This is obtained by setting �i = pi for i = 1; 2; 3, and �i =1 for all i > 3.

Figure 5: � consists of ten tasks, and the goal is to minimize the relative jitters of �ve of the
tasks. This is obtained by setting �i = pi for i = 1; 2; : : : ; 5, and �i =1 for all i > 5.

Among the conclusions we are able to draw from our simulations:

� For low system loads, EDF schedules with reasonably low relative jitter can be obtained by
both Method 1 and Method 2. As system load increases, Method 2 generally outperforms
Method 1.

� If the relative jitters of all tasks is to be minimized (as in Figures 1 and 2), the methods
presented in this paper are not very e�ective. In fact, if the system load is low, the results
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Figure 2: Ten tasks { minimize jitter of the entire task set
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Figure 3: Ten tasks { minimize jitter of one task
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Figure 4: Ten tasks { minimize jitter of three tasks
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Figure 5: Ten tasks { minimize jitter of �ve tasks
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obtained by both methods are very close to the initial bound (which is already low); if the
system load is high, Method 2 can obtain some improvement over the initial bound; however
the jitter remains high.

This is not surprising | intuitively speaking, minimizing the jitter of an entire task system
is a highly-constrained optimization problem. Indeed, decreasing the jitter of some task can
signi�cantly increase the jitter of other tasks in the system.

� As Figures 3{5 illustrate, jitter minimization is more e�ective when just a few of the tasks
are jitter-sensitive. Intuitively speaking, this is because, once the primary goal of meeting
deadlines have been satis�ed, all the freedom remaining in the schedule can be devoted to
minimizing the jitters of a few tasks. Especially in the case in which we wish to minimize
the jitter of only one task, Method 2 seems to provide a very low relative jitter (Figure 3)
regardless of the overall system load. This is a potentially useful lesson in application system
design | jitter minimization is a precious resource, which should be attempted only upon
those periodic tasks that really need it.

� Although not illustrated by Figures 1{5, another noteworthy observation is that it is, in
general, easier to minimize relative jitter of tasks with low utilization. Once again, this lends
itself to an intuitive explanation: increasing the processor share of Ti k times (i.e., �i  k ��i),
while keeping every other task's processor shares the same, decreases WtdJitter(Ti) by a factor
of k. Since spare capacity (i.e., 1� �) can be used to increase the processor shares of lower-
utilization tasks by a larger factor than it can be used to increase the processor shares of
higher-utilization tasks, it is more e�cient to use the excess capacity to inuence the jitter
of lower-utilization tasks.

6 Examples

In this section, we illustrate the techniques presented in Sections 3 and 4 by means of some examples.

Example 1 Consider a system of three tasks: � = fT1 = (2; 10); T2 = (3; 15); T3 = (2; 20)g with
�1 = �2 = �3 = 1; observe that �1 = �2 = 0:2, �3 = 0:1, and � = 0:5. Theorem 1 yields a jitter
bound WtdJitter(�) = 8. This is the initial value for Jhigh; the initial value for Jlow is zero. Observe
that, since �1 = �2 = �3 = 1, the integer boundary constraint (IBC) guarantees that all jitter
values will be integers. Hence we may use integer binary search in this example | Jhigh; Jmid, and
Jlow all need take on integer values only. (Equivalently, the quantity thres in the pseudocode at the
end of Section 3.2 can be set equal to one.)

Choosing Jmid = (8 + 0)=2 = 4 and plugging into Equation 7, we determine that �1 = 0:333,
�2 = 0:428, and �3 = 0:333. Since �1 + �2 + �3 > 1, this is an infeasible solution. Hence, Jlow is
set equal to 4.

Next, choosing Jmid = (8 + 4)=2 = 6 and applying the same techniques yields (�1; �2; �3) =
(0:250; 0:333; 0:250), which is a feasible solution since 0:250+ 0:333+ 0:250 � 1. Hence, Jhigh is set
equal to 6.

Next, choosing Jmid = (6 + 4)=2 = 5 and applying the same techniques yields (�1; �2; �3) =
(0:286; 0:375; 0:286), which is once again a feasible solution since 0:286+ 0:375+ 0:286 � 1. Hence,
Jhigh is set equal to 5.

Next, we compute Jmid = (5 + 4)=2 = 4. But we've already checked that this results in an
infeasible solution; hence, the tightest jitter bound obtainable using the processor-share method is
5.
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We now try using the pseudo-polynomial time test of Section 4, performing binary search with
initial \high" of 5 and initial \low" of 0. The test fails for J = (5 + 0)=2 = 2, and succeeds for
J = (5 + 2)=2 = 3. Since (3 + 2)=2 = 2 and we've already determined that the test fails for J = 2,
we can stop now, having determined that the tightest bound obtainable using this method is J = 3.

Example 2 Consider a system of three tasks: � = fT1 = (2; 9); T2 = (4; 15); T3 = (2; 12)g with
�1 = �2 = �3 = 1. Using essentially the same approach as above, Theorem 1 yields an initial jitter
bound of 7; the polynomial-time method of Section 3.2 re�nes this to 6; and the pseudopolynomial-
time method of Section 4 further improves this to 4.

Example 3 Consider a system of three tasks: � = fT1 = (2; 10); T2 = (3; 15); T3 = (20; 200)g
with �1 = �2 = �3 = 1. Once again going through the same steps as above, Theorem 1 yields an
initial jitter bound of 80; the polynomial-time method of Section 3.2 re�nes this to 14; and the
pseudopolynomial-time method of Section 4 further improves this to 9.

Example 4 Consider the same system of tasks � = fT1 = (2; 10); T2 = (3; 15); T3 = (2; 20)g.
Suppose that task T3 is the only jitter-sensitive task. This can be modelled by setting �1 =
�2 =1, and �3 = 1. Several kinds of questions can now be asked; for example:

� Is it possible to schedule � such that the maximum jitter for task T3 never exceeds 3? This
is equivalent to determining a �3 such that

e3(
1

�3
� 1) � 3

� 2(
1

�3
� 1) � 3

�
1

�3
�

3

2
+ 1

� �3 �
2

5

Since assigning a share of 2=5 to T3 does not cause the total processor-share assigned to
exceed 1, we conclude that it is possible to schedule � such that T3's maximum jitter does
not exceed 3.

� What is the minimum value for the maximum jitter of task T3? Since the largest value that
�3 can have is 1:0� (0:2 + 0:2), this is equivalent to computing

e3(
1

0:63
� 1)

= 2
10� 6

6
= 1:33

Since the schedule will obey the IBC, this implies that the maximum jitter of task T3 will be
at most 1 | i.e., the intercompletion time between consecutive jobs of task T3 will be either
19, 20, or 21.

Using the method of Section 4, we are reduced to determining the smallest J such that the
periodic task system f(2; 10; 10); (3; 15; 15); (2; 2 + J; 20)g is feasible. Since the utilization
of this periodic system is 0:5, we expect the pseudo-polynomial test to be quite e�cient.
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This turns out to indeed be the case, and the smallest J satisfying the desired condition
is J = 0 (i.e., the system f(2; 10; 10); (3; 15; 15); (2; 2; 20)g is feasible). This permits us to
conclude that the system can be scheduled such that T3 su�ers absolutely no jitter | i.e.,
the intercompletion time between consecutive jobs of task T3 will always be exactly 20.

7 Conclusions

As observed in the Introduction, output-jitter minimization is not really an issue in the scheduling-
theoretical sense, in that noti�cation of the completion of jobs can always be postponed until the
jobs' deadlines. In this paper, we have decided that such an arti�cial solution is unacceptable
from a practical point of view, and have enumerated a series of conditions we believe should be
satis�ed by any reasonable jitter-minimization scheme. Within the context of these conditions,
we have proposed two scheduling algorithms for minimizing jitter. One scheme is polynomial-time
while the other provides better jitter bounds but takes time pseudo-polynomial in the size of the
problem instance; however, even the pseudo-polynomial algorithm is very e�ciently implementable.
In practice, a reasonable approach to jitter minimization seems to be to use the polynomial-time
algorithm to e�ciently obtain an upper bound on jitter, and then use the pseudo-polynomial
algorithm to further improve this bound. We have implemented and tested our schemes | the
algorithms are simple and easy to code, and the run-time behavior is very satisfactory.
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