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Abstract

A framework for scheduling a number of di�erent
applications on a single shared preemptable processor
is proposed, such that each application seems to be ex-
ecuting on a slower dedicated processor. A tradeo� is
identi�ed and evaluated between how precise a notion of
real time (as measured by the granularity of its clock)
an application needs supported on the one hand, and
the added context-switch costs imposed by our schedul-
ing framework on the other.

Keywords. Preemptive scheduling; Earliest deadline
�rst; Inter-application isolation; Constant-bandwidth
server; Bandwidth reclamation.

1. Introduction

Multiprogrammed computer systems are expected
to execute several threads concurrently. When some
(or all) of these threads correspond to real-time appli-
cations, it is important that the underlying scheduling
policy possess the following features:

1. Each individual thread should be guaranteed a cer-
tain level of service, and

2. There should be e�ective isolation among threads
{ an errant thread should not be able to cause an
unacceptable degradation in performance in other
{ well-behaved { threads.

A popular conceptual framework for modelling the be-
haviour of such application systems is to associate a
server with each thread, with each server character-
ized by certain parameters which specify exactly its
performance expectations. The goal of the system-
wide scheduler is then to schedule run-time resources in
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such a manner that each server is guaranteed a certain
(quanti�able) level of service, with the exact guaran-
tee depending upon the server parameters. That is,
a server's parameters represent its contract with the
system, and the system's global scheduler is obliged to
ful�l its part of the contract by providing the level of
service contracted for. However, it is incumbent upon
each server, and not the global scheduler, to ensure
that the individual jobs that comprise the thread be-
ing modelled by this server perform as expected.

In this paper, we present Algorithm GRUB

(Greedy Reclamation of Unused Bandwidth), a global
scheduling algorithm that achieves these goals in pre-
emptive uniprocessor systems. Our methodology,
which is based upon the notion of reserving a frac-
tion of the processor bandwidth for each server, builds
upon the Constant Bandwidth Server (CBS) of Abeni
and Buttazzo [1]; the CBS, in turn, derives inspiration
from the service mechanisms proposed in the Dynamic
Sporadic Server (DSS) [13, 5] and the Total Bandwidth
Server (TBS) [13, 12].

SystemModel. In our model, each server Si is char-
acterized by two parameters | a processor share Ui,
and a period Pi. The processor share Ui denotes the
fraction of total processor capacity that is to be devoted
to the thread being modelled by Si (loosely speaking,
it should seem to server Si as though its jobs are exe-
cuting on a dedicated \virtual" processor, which is of
speed Ui times the speed of the actual processor). The
period Pi is an indication of the \granularity" of time
from server Si's perspective | while this will be elab-
orated upon later, it su�ces for the moment to assume
that the smaller the value of Pi, the more �ne-grained
the notion of real time for Si.

Each server Si generates a sequence of jobs
J1i ; J

2
i ; J

3
i ; : : :, with job Jj

i becoming ready for execu-

tion (\arriving") at time aji (a
j
i � aj+1i for all i; j), and

having an execution requirement equal to eji time units.
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Within each server, we assume that these jobs must be
exeucted in FCFS order | i.e, Jj

i must complete before

Jj+1
i can begin execution.
We make the following requirements of our schedul-

ing discipline:

� The arrival times of the jobs (the aji 's) are not a
priori known, but are only revealed on line during
system execution.

� The exact execution requirements eji are also not
known beforehand: they can only be determined
by actually executing Jj

i to completion1.

� We are interested in integrating our scheduling
methodology with traditional real-time scheduling
| speci�cally, we wish to design a scheduler that
is at worst a minor variant of the classical Earliest
Deadline First scheduling algorithm (EDF) [3, 8].
We therefore require that our scheduling strategy
be as similar to EDF as possible. In particular,
this rules out the use of scheduling strategies based
upon \fair" processor-sharing, such as GPS [11]
and its variants.

In this paper, we will consider a system comprised of n
servers S1; S2; : : : ; Sn, with each server Si characterized
by the parameters Ui and Pi as described above. Fur-
thermore, we restrict our attention to systems where
all of these servers execute on a single shared processor
(without loss of generality, this processor is assumed to
have unit processing capacity) | we therefore require
that the sum of the processor shares of all the servers
sum to no more than one; i.e., (

Pn
i=1 Ui) � 1 :

Performance Guarantee. Recall that our goal
with respect to designing the global scheduler is to be
able to provide complete isolation among the servers,
and to guarantee a certain degree of service to each in-
dividual server. As stated above, the processor share
Ui of server Si is a measure of the fraction of the total
processor that should be devoted to executing (jobs of)
server Si. The performance guarantee that is made by
our global scheduler is as follows (Theorem 1):

1Clearly, the kinds of performance guarantees that can be
made by our scheduling algorithm are very much inuenced by
this requirement| in particular, it is not possible for the global
scheduler to guarantee that individual jobs meet \hard" dead-
lines. However, we believe that making such guarantees is the
responsibility of the individual server serving the hard-real-time
job, and not of the global scheduler: it is incumbent upon the
server, based upon the performance guaranteesmade to it by the
global scheduler, to ensure that all hard-real-time guaranteeswill
be met by it based upon the amount of service it is guaranteed
to receive from the global scheduler. In other words, hard-real-
time feasibility analysis in our model is the responsibility of the
individual servers, and not of the global scheduler.

Suppose that job Jj
i would begin execution at time-

instant Aj
i , if all jobs of server Si were executed on

a dedicated processor of capacity Ui. In such a ded-
icated processor, Jj

i would complete at time-instant

F j
i

def

= Aj
i + (eji=Ui), where eji denotes the execution

requirement of Jj
i . If Jj

i completes execution by time-

instant fji when our global scheduler is used, then it is
guaranteed that

fji � Aj
i +

&
(eji=Ui)

Pi

'
� Pi :

From the above inequality, it directly follows that
fji < F j

i + Pi. This is what we mean when we refer
to the period Pi of a server Si as a measure of the
\granularity" of time from the perspective of server Si
| jobs of Si complete under AlgorithmGRUB within a
margin of Pi of the time they complete on a dedicated
processor.

Reclaiming unused capacity. Several other server-
based global schedulers (e.g., CBS [1]), can o�er perfor-
mance guarantees somewhat similar to the one made
by Algorithm GRUB. However, Algorithm GRUB has
an added feature that is not to be found in many of
the other schedulers | an ability to reclaim unused
processor capacity (\bandwidth") that is not used be-
cause some of the servers may have no outstanding jobs
awaiting execution. While such reclamation does not
directly e�ect the performance guarantee that can be
made by AlgorithmGRUB (since in the worst case there
may be no idle threads and hence no excess capacity
to reclaim), we will show that reclamation tends to
result in improved system performance, in particular,
with regard to the total number of preemptions in the
schedule. Furthermore, the unused capacity reclama-
tion is achieved without any additional cost or complex-
ity { the computational complexity of AlgorithmGRUB

is the same as that of previously-proposed schedulers,
and reclaiming bandwidth at a particular instant in
time does not compromise the ability of the system to
live up to its performance guarantees in the future.

Comparison to other work. Much research has
been performed on achieving guaranteed service and
inter-thread isolation in uniprocessor multi-threaded
environments (see, e.g., [12, 5, 13, 1, 6, 14, 9, 7, 2]).
Algorithm GRUB is most closely related to the CBS
approach of Abeni and Buttazzo [1], hence, we will
compare our approach to the CBS server. For an ex-
cellent comparison of the features of the other servers,
see [1].



Our algorithm di�ers from the CBS approach in two
primary ways. First, we are able to more accurately
characterize the behaviour of our servers, by comparing
the performance of server Si under Algorithm GRUB to
its behaviour if executed on a dedicated server of capac-
ity Ui. In contrast, many of the performance guaran-
tees made by CBS are somewhat circular, in that asser-
tions can be proved about meeting or missing deadlines
which are themselves assigned by the CBS algorithms.

Second and more important, Algorithm GRUB is
able to e�ciently reclaim excess processor capacity.
(CBS, too, reclaims excess processor capacity in the
sense that the processor is not allowed to idle while
there are jobs awaiting execution; however, we will
show that Algorithm GRUB is able to use reclaimed
excess capacity in a more \intelligent" manner than
other schedulers | i.e., to obtain a schedule with bet-
ter characteristics (fewer preemptions, etc.) than that
obtained by CBS and similar servers.)

2. Algorithm GRUB

In this section, we provide a detailed description of
Algorithm GRUB, our global scheduler.

AlgorithmVariables. For each server Si in the sys-
tem, AlgorithmGRUBmaintains two variables: a dead-
line Di and a virtual time Vi.

� Intuitively, the value of Di at each instant is a
measure of the priority that Algorithm GRUB ac-
cords server Si at that instant | AlgorithmGRUB

will essentially be performing earliest deadline �rst
(EDF) scheduling based upon these Di values.

� The value of Vi at any time is a measure of how
much of server Si's \reserved" service has been
consumed by that time. Algorithm GRUB will at-
tempt to update the value of Vi in such a man-
ner that, at each instant in time, server Si has
received the same amount of service that it would
have received by time Vi if executing on a dedicated
processor of capacity Ui.

Algorithm GRUB is responsible for updating the values
of these variables, and will make use of these variables
in order to determine which job to execute at each in-
stant in time.

Server States. At any instant in time during run-
time, each server Si is in one of three states: inactive,
activeContending, or activeNonContending. The initial
state of each server is inactive. Intuitively at time
to a server is in the activeContending state if it has

some jobs awaiting execution at that time; in the
activeNonContending state if it has completed all jobs
that arrived prior to to, but in doing so has \used up"
its share of the processor until beyond to (i.e., its vir-
tual time is greater than to); and in the inactive state
if it has no jobs awaiting execution at time to, and it
has not used up its processor share beyond to.

At each instant in time, Algorithm GRUB chooses
for execution some server that is in its activeContending
state (if there are no such servers, then the proces-
sor is idled). From among all the servers that are in
their activeContending state, Algorithm GRUB chooses
for execution (the next job needing execution of) the
server Si, whose deadline parameter Di is the smallest.

While (a job of) Si is executing, its virtual time Vi
increases (the exact rate of this increase will be speci-
�ed later); while Si is not executing Vi does not change.
If at any time this virtual time becomes equal to the
deadline (Vi == Di), then the deadline parameter is
incremented by Pi (Di  Di + Pi). Notice that this
may cause Si to no longer be the earliest-deadline ac-
tive server, in which case it may surrender control of
the processor to an earlier-deadline server.

The following lemma establishes a relationship that
will be useful in the discussion that follows.

Lemma 1 At all times and for all servers Si dur-
ing run-time, the values of the variables Vi and Di

maintained by Algorithm GRUB satisfy the following
inequalities

Vi � Di � Vi + Pi : (1)

Proof: Follows immediately from the preceding dis-
cussion.

State Transitions. Certain (external and internal)
events cause a server to change its state (see Figure 1):

1. If server Si is in the inactive state and a job Jj
i ar-

rives (at time-instant aji ), then the following code
is executed

Vi  aji
Di  Vi + Pi

and server Si enters the activeContending state.

2. When a job Jj�1
i of Si completes (notice that Si

must then be in its activeContending state), the
action taken depends upon whether the next job
Jj
i of Si has already arrived.

(a) If so, then the deadline parameter Di is up-
dated as follows:

Di  � Vi + Pi ;



the server remains in the activeContending

state.

(b) If there is no job of Si awaiting execution,
then server Si changes state, and enters the
activeNonContending state.

3. For server Si to be in the activeNonContending

state at any instant t, it is required that Vi >
t. If this is not so, (either immediately upon
transiting into this state, or because time has
elapsed but Vi does not change for servers in the
activeNonContending state), then the server enters
the inactive state.

4. If a new job Jj
i arrives while server Si is in the

activeNonContending state, then the deadline pa-
rameter Di is updated as follows:

Di  � Vi + Pi ;

and server Si returns to the activeContending state.

5. There is one additional possible state change | if
the processor is ever idle, then all servers in the
system return to their inactive state.

Incrementing virtual time. It now remains to
specify how the virtual time Vi of a server Si changes
when a job of Si is executing. Let us �rst consider
incrementing Vi at a rate 1=Ui:

d

d t
Vi

def

=

�
1
Ui
; if Si is executing

0; otherwise
(2)

|intuitively, executing Si for one time unit is equiva-
lent to executing it for 1=Ui time units on a dedicated
processor of capacity Ui, and we are updating Vi ac-
cordingly.

When Vi is incremented as above (i.e., at a rate 1=Ui

while Si is executing, and not at all the rest of the
time), Algorithm GRUB is very similar to the CBS al-
gorithm of Abeni and Buttazzo [1], and performance
guarantees similar to the ones made by CBS can be
proven for Algorithm GRUB as well. However, recall
that one of the motivations driving our design of Al-
gorithm GRUB is that we be able to reclaim processor
capacity that may remain unused because some servers
are in the inactive state, and that we make e�cient use
of this reclaimed bandwidth. In using excess processor
capacity, though, we must be very careful to not end
up using any of the future capacity of currently inac-
tive servers, since we have no idea at any instant when
the currently inactive servers will become active.

2(a)

inactive

acitveNonContending

activeContending
1

3

2(b) 4

Figure 1. State transition diagram. The labels
on the nodes and edges denote the name by
which the respective states and transitions
are referred to in this paper.

1. Algorithm GRUB always executes the job of the server Si
which is in the activeContending state, and whose deadline
parameter Di is the smallest.

2. While a job of Si is being executed, Vi is incremented at a
rate U

Ui
.

3. If Vi becomes equal to Di while a job of Si is executing,
then Di is incremented by an amount Pi (Di  Di + Pi).

4. When job Jj
i
arrives

(a) If Si is in the inactive state:

i. Vi  a
j
i

ii. Di  Vi + Pi

iii. U  U + Ui

iv. enter the activeContending state

(b) If Si is in the activeContending state:

i. make a note of the time | a
j
i
| at which this

arrival occurs

(c) If Si is in the activeNonContending state:

i. Di  Vi + Pi

ii. enter the activeContending state

5. When job J
j
i completes execution (Si must be in the

activeContending state at this instant)

if Jj+1
i

has already arrived

(a) then Di  Vi + Pi

(b) else enter the activeNonContending state

6. If Si is in the activeNonContending state (in which case Vi
must be greater than the current time) and the current time
becomes equal to Vi

(a) U  U � Ui

(b) enter the inactive state.

Figure 2. PseudoCode for Algorithm GRUB.



De�nition 1 We de�ne a server Si to be active at
a particular instant in time if it is in either the
activeContending or the activeNonContending state at
that time, and inactive if it is in the inactive state.

Intuitively, a server is active at time t if it is either
waiting to execute jobs at instant t, or if it has already
consumed its reserved processor capacity for time t.

Algorithm GRUB maintains an additional variable
the system utilization U , which at each instant in time
is equal to the sum of the capacities Ui of all servers Si
that are active at that instant in time. U is initially set
equal to zero; whenever a server Si undergoes the state-
transition labelled \1" in Figure 1, U is incremented by
Ui; whenever Si undergoes the state-transition labelled
\3", U is decremented by Ui.

Let [t; t+� t) denote a time interval during which
U does not change, and during which (a job of) Si
is executing. We will assign all the excess processor
capacity during this interval | a quantity of � t�(1�U )
| to server Si for \free". Consequently, Si has used
an amount equal to

(� t�� t � (1� U )) = � t �U

of its own processor capacity during this interval;
equivalently, its virtual time Vi should increase by an
amount equal to � t�U

Ui
. Algorithm GRUB's rule for

updating virtual time is therefore as follows:

d

d t
Vi

def

=

�
U
Ui
; if Si is executing

0; otherwise
(3)

The complete pseudocode for Algorithm GRUB is given
in Figure 2.

3. Formal Analysis of Algorithm GRUB

In this section, we will formally prove that Algo-
rithm GRUB (i) closely emulates the performance that
the servers would experience if they were each execut-
ing on dedicated processors of lower capacity (The-
orem 1), and (ii) distributes excess bandwidth in a
somewhat fair manner (Theorem 2). But �rst, some
de�nitions.

Let Aj
i and F

j
i denote the instants that job Jj

i would
begin and complete execution respectively, if server Si
were executing on a dedicated processor of capacity Ui.
The following expressions for Aj

i and F
j
i are easily seen

to hold:

A1
i = a1i

F 1
i = A1

i +
e1i
Ui

Aj
i = max

�
F j�1
i ; aji

�
, for j > 1

F j
i = Aj

i +
eji
Ui

, for j > 1 (4)

The following theorem formally states the perfor-
mance guarantee that can be made by AlgorithmGRUB

vis a vis the behaviour of each server when executing
on a dedicated processor:

Theorem 1 Let fji denote the time at which Algo-

rithm GRUB completes execution of job Jj
i . Then the

following inequality holds:

fji � Aj
i +

&
(eji=Ui)

Pi

'
� Pi : (5)

Proof: In the appendix.

Corollary 1 The completion time of a job of server
Si when scheduled by Algorithm GRUB is less than Pi

time units after the completion-time of the same job
when Si has its own dedicated processor.

Proof: Observe that

fji � Aj
i +

&
(eji=Ui)

Pi

'
�Pi

< Aj
i +

 
eji

Ui �Pi
+ 1

!
� Pi

= Aj
i +

eji
Ui

+ Pi

=

 
Aj
i +

eji
Ui

!
+ Pi

= F j
i + Pi (By Equation 4)

Thus, fji |the completion time of the j'th job of server
Si when scheduled by Algorithm GRUB | is strictly
less than Pi plus F

j
i | the completion-time of the same

job when Si has its own dedicated processor.

Choosing job deadlines. A natural question to ask
at this point may be: why would each server Si not
choose Pi to be arbitrarily small, and hence obtain ex-
act emulation of its behaviour on a dedicated server?
To answer this question, we need to look at the issue
of job preemptions.

It has been shown [10] that if a set of jobs is sched-
uled using EDF, then the total number of context-
switches due to preemptions is bounded from above at
twice the number of jobs. The standard way in which



these preemption costs are incorporated into the sched-
ule is by increasing the execution requirement of each
job by two context-switch times, and making each such
job responsible for switching context twice: �rst, when
it preempts another job to seize control of the pro-
cessor for the �rst time; and next, when it completes
execution and returns control of the processor to the
job with the next highest deadline. (It is easily seen
that all context switches in the system are accounted
for in this manner.)

As we saw in Section 2, Algorithm GRUB schedules
a job with a large execution requirement by succes-
sively postponing the deadline according to which it
is scheduled. In particular, job Jj

i 's deadline may be

changed as many as
l
(ej

i
=Ui)
Pi

m
times. For small Pi, this

becomes unacceptably large, and much of server Si's
capacity could end up being spent thrashing in context
switches. As a rule of thumb, it is probably best to
choose a value for Pi such that (eji=Ui) � Pi for most

jobs Jj
i generated by Si.

It is noteworthy that if all the Pi's are chosen arbi-
trarily close to zero, then Algorithm GRUB reduces to
the Generalized Processor Sharing (GPS) algorithm of
Parekh and Gallagher [11].

This next theorem concerns the manner in which
Algorithm GRUB distributes excess bandwidth among
needy servers.

Theorem 2 Suppose that the system utilization U is
bounded from above by a constant c < 1 during run-
time (i.e., the value of the variable U , as maintained
by Algorithm GRUB, never exceeds c), and suppose that
a server Si has jobs awaiting execution at all times.
Then Si receives at least Ui=c of the processor capacity
{ i.e., the total amount of execution allowed jobs of Si
is at least Ui=c times the total capacity of the processor.

Proof Sketch: Since Si is active at all times, Di is
initially set to Pi and Vi to 0. Vi is now incremented at
a rate U=Ui while Si executes, until Vi = Di | i.e., Si
executes for an interval of time equal to (Pi � Ui)=U �
(Pi �Ui)=c. At that point, Di is incremented by Pi, and
the process is repeated: i.e., for every increment of Di

by Pi, server Si executes for � (Pi � Ui)=c time units.

We thus see that in systems in which the overall
system utilization is always bounded from above by a
constant, Algorithm GRUB allocates excess capacity to
needy servers in direct proportion to their processor
shares. In addition, our simulation experiments indi-
cate that Algorithm GRUB tends to exhibit similar be-
haviour | allocating excess capacity to needy servers
in direct proportion to their processor shares | even

when the excess bandwidth is not always present, but
rather is randomly distributed across the time-line.

4. Evaluation of Algorithm GRUB

In designing Algorithm GRUB, we made several de-
sign decisions that may, at �rst glance, seem somewhat
arbitrary. In this section, we will explain our reasoning
behind these decisions, and will argue why we believe
that these are the right decisions to have made. We
have also conducted extensive experiments to evaluate
the performance of Algorithm GRUB, and to compare
this performance with that of other bandwidth-sharing
server algorithms. While space limitations prevent us
from describing our simulation experiments in much
detail, we will attempt to briey summarize our �nd-
ings.

We now explain the rationale for some of the de-
sign decisions we have made with respect to Algo-
rithm GRUB.

x1. Why does Algorithm GRUB always attempt to
increment the deadline parameter when considering a
new job? That is, why do we choose to execute the
statement

Di  Vi + Pi

when �rst considering each job Jj
i , regardless of the

current value of Vi? For instance, if Vi is smaller than
Di at the instant that Jj

i arrives (because Jj�1
i exe-

cuted for less than expected), the CBS algorithm [1]
would not increment Di as we have done, but continue
executing Jj

i with the old deadline (and consequently,
with greater priority than in Algorithm GRUB).

In deciding whether to increment Di as above or
not, we had to consider the following tradeo�: If we
choose to not increment the deadline and eji (whose
value is currently unknown as per our model) turns out
to be quite small, then Jj

i is likely to complete within
the current deadline, and hence to complete before it
would in the presence of deadline-incrementing. On
the other hand, not incrementing the deadline makes
it more likely that Jj

i would not be able to complete
within the current deadline, requiring deadline post-
ponement and consequently, further preemptions.

What �nally drove our design decision to always in-
crement deadlines in Algorithm GRUB was this: by our
assumption, the period parameter of a server is an indi-
cation of the granularity of the time from the perspec-
tive of the server. By not incrementing deadlines, we
may obtain a response that is quicker than this granu-
larity, but presumably this is not of much signi�cance
to the application (recall that our goal in designing



Algorithm GRUB is not to obtain a fast-response sys-
tem, but rather to have a system which behaves as pre-
dicted based upon the analysis of individual servers on
dedicated processors | we are distinguishing between
\fast" and \predictable" systems, and our primary goal
is predictability and not speed). On the other hand,
the potential drawback of additional preemptions is a
very real concern | particularly in systems where most
of the job execution requirements eji are known to be
no larger than server \quota" Ui � Pi, the likelihood of
being able to complete without deadline postponement
if we do implement deadline-incrementing is quite high,
and seems worth the tradeo�.

x2. Why does Algorithm GRUB assign all its excess
bandwidth to the currently-executing job, rather than
attempting to distribute it evenly to all active servers?
Once again, we carefully considered another alternative
| assigning some of the unused bandwidth to each
active server (perhaps in proportion to their proces-
sor share parameters). There are some advantages to
such a scheme: in particular, all excess capacity is very
evenly distributed, and this scheme is fair in precisely
the same sense that the GPS scheme [11] is fair. How-
ever, the factors that led us to instead assign all excess
bandwidth to the currently executing server included:

computational complexity: If excess capacity is to
be assigned to all active servers, then we would
need to update the virtual times of all these servers
| this could take time linear in the number of
active servers.

preemption count: Once again, recall that our pri-
mary goal in distributing excess capacity is to re-
duce the number of deadline postponenents | in-
tuitively, it makes sense to devote as much excess
capacity to one (or a few) server[s] in order that
its job [their jobs] may complete without deadline
postponement, rather than to distribute this ca-
pacity among a large number of servers, without
providing enough excess capacity to any one to
avoid deadline postponement. And if this be the
case, then the excess capacity may as well be as-
signed \greedily" to the currently executing job,
since its completion prior to its deadline { the ear-
liest deadline in the system { would avoid a dead-
line postponement and consequent possible pre-
emption.

In any case, while we can construct arti�cial workloads
under which such greedy assignment of excess capac-
ity is provably unfair to certain servers, we believe the
results in Section 3 show that Algorithm GRUB does
nevertheless tend to be \fair" under randomworkloads.

We have conducted extensive experiments to evalu-
ate the performance of Algorithm GRUB, and to com-
pare this performance with that of other bandwidth-
sharing server algorithms. We believe that Algo-
rithm GRUB is most similar to the CBS algorithm of
Abeni and Buttazzo [1]; hence, we for the most part fo-
cused on comparing Algorithm GRUB with CBS. Space
limitations prevent us from describing our experimen-
tal �ndings here in much detail { details will be pro-
vided in a more complete version of this report, cur-
rently under preparation. In brief, our experiments
demonstrated two important additional properties of
Algorithm GRUB:

1. First, schedules generated by Algorithm GRUB

tend to have fewer context-switches than sched-
ules generated by the CBS bandwidth-allocation
scheme

2. Second, excess capacity always tends to be dis-
tributed in a weighted max-min fair manner
among servers that need this excess capacity, even
when the excess bandwidth is not always present,
but rather is randomly distributed across the time-
line (i.e, even if the amount of this excess capacity
varies over time depending upon the behaviour of
the individual servers).

5. Conclusions

We have proposed a global scheduling algorithm
for use in preemptive uniprocessor systems in which
several di�erent applications are to execute simulta-
neously, such that each application is assured certain
performance guarantees | the illusion of executing on
a dedicated processor | and isolation from any ill-
e�ects of other misbehaving applications. In addition,
our proposed algorithm has a well-de�ned strategy for
exploiting excess processor capacity in a manner that

� uses this excess capacity to reduce the number of
preemptions and deadline-postponements in the
resulting schedule, and

� is, generally speaking, fair (although pathological
scenarios can be constructed in which some appli-
cations get most of the excess capacity while others
get nothing beyond their guaranteed capacities).

We have simulated and implemented our algorithm,
and have preformed extensive experiments comparing
its run-time behaviour with that of other bandwidth-
sharing algorithms.
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A. Appendix: Proof of Theorem 1

Space limitations prevent us from providing all de-
tails of the proof of correctness of Theorem 1; instead,
we provide a brief sketch of the technique used. Com-
plete details will be presented in an extended version
of this paper, currently under preparation.

In order to prove the correctness of Theorem 1, we
make the following observations: For any sequence of
job arrivals,

� There is a processor-sharing schedule2 in which
each job Jj

i completes at or before instant Aj
i +l

(ej
i
=Ui)

Pi

m
� Pi. This is simply a schedule obtained

by scheduling each server Si's jobs on a dedicated
server of capacity Ui { since

P
Ui � 1, the sched-

ule obtained by superimposing all these individual
schedules is the desired processor-sharing sched-
ule.

� From this processor-sharing schedule, we can ob-
tain a preemptive schedule in which at most one
job executes at each instant in time, by using the
technique of Co�man and Denning [4, Chapter 3]3.

� And �nally, we apply the well-known result con-
cerning the optimality of the EDF scheduling al-
gorithm to assert that Algorithm GRUB will there-
fore also generate a schedule in which each job Jj

i

completes at or before instant Aj
i +

l
(ej

i
=Ui)

Pi

m
�Pi.

2I.e., a schedule in which fractions of the processor capacity
at each instant in time may be assigned to several di�erent jobs,
provided that the sums of these fractions do not exceed one.

3For our purposes, this technique reduces to consideringmax-
imal contiguous time-intervals during which no (sub)job has an
arrival or a deadline and partitioning this interval among the jobs
that execute within it, such that each job executes for the same
amount of time during the interval in both schedules. Of course,
such a schedule may have an unacceptably large number of pre-
emptions, but this needn't concern us here | we are not going
to actually construct this schedule, but are merely asserting its
existence.




